We derive a stationary and axisymmetric black hole solution in Einstein-Dilaton-Gauss-Bonnet gravity to quadratic order in the ratio of the spin angular momentum to the black hole mass squared. This solution introduces new corrections to previously found nonspinning and linear-in-spin solutions. The location of the event horizon and the ergosphere are modified, as well as the quadrupole moment. The new solution is of Petrov type I, although lower order in spin solutions are of Petrov type D. There are no closed timelike curves or spacetime regions that violate causality outside of the event horizon in the new solution. We calculate the modifications to the binding energy, Kepler's third law, and properties of the innermost stable circular orbit. These modifications are important for determining how the electromagnetic properties of accretion disks around supermassive black holes are changed from those expected in general relativity.
I. INTRODUCTION
The mass of Sagittarius A* (Sgr A*), the supermassive black hole in the center of the Milky Way galaxy, is known to about 10% uncertainty [1, 2] . Due to past technological limitations, mass was the only property that could be inferred from the observation of the orbital motion of nearby stars. The next generation of upgrades to telescopes used in very long baseline interferometers will allow for the determination of other important properties, such as the location of the event horizon and the innermost stable circular orbit (ISCO) from observations of the black hole (BH) shadow and accretion disk, respectively [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . One other property that we wish to infer is whether Sgr A* satisfies the so-called Kerr hypothesis, i.e. that the massive compact objects at the center of galaxies are Kerr BHs. The Kerr metric is the external spacetime of a vacuum, stationary, and axisymmetric BH in general relativity (GR) [15] [16] [17] [18] [19] [20] . Modified theories of gravity that may or may not satisfy the Kerr hypothesis, and thus, observations of Sgr A* allow us to test them.
A modified gravity theory that does not satisfy the Kerr hypothesis is Einstein-Dilaton-Gauss-Bonnet (EDGB) gravity. EDGB modifies the Einstein-Hilbert action through a dynamical scalar field coupled to the Gauss-Bonnet invariant. BHs in EDGB are not described by the Schwarzschild or Kerr metric, and thus, this theory violates the Kerr hypothesis. Instead, BHs acquire corrections that modify important properties, such as the location of the event horizon and the ISCO, relative to the Kerr expectation. EDGB is a well-motivated theory, for example arising from a four-dimensional compactification and low-energy expansion of heterotic string theory, wherein the scalar field is the dilaton [21, 22] . In this context, EDGB should be viewed as an effective field theory valid up to a cutoff energy scale above which higher order operators cannot be neglected. If the theory is not treated as effective, instabilities can be nonlinearly generated [23] , which would render the theory ill posed.
Numerical solutions for rapidly rotating BHs in EDGB gravity have been found in [24] [25] [26] [27] , but did not treat EDGB as an effective field theory. Early analytic BH solutions in theories motivated by string theory were found and studied in [28] [29] [30] [31] . More recently, analytic BH solutions in EDGB gravity were found in [32, 33] . Our work focuses on purely analytic solutions. Reference [32] found an exact, stationary and spherically symmetric solution that represents nonspinning BHs. Reference [33] found an approximate, stationary and axisymmetric solution that represents a slowly rotating BH to leading order in the ratio of the spin angular momentum to the BH mass squared. In both cases, the EDGB metrics differed from the Kerr one by modifying certain key properties of BH spacetimes, such as the location of the event horizon and ergosphere. Nonetheless, both solutions were found to be of Petrov type D, just as the Kerr metric.
In this paper, we find an approximate, slowly rotating BH solution in EDGB gravity to quadratic order in the ratio of the spin angular momentum to the BH mass squared. To derive this solution, we use a new BH perturbation theory method [34, 35] , first employed in [36] in the context of modified gravity theories. We treat the second-order-in-spin correction to the EDGB metric as a perturbation away from the leading-order-in-spin one of [33] . The perturbation then satisfies a system of differential equations that we decouple through a tensor spherical harmonic decomposition. We finally verify the solution by reinserting it into the field equation and using symbolic manipulation software. Both here and in [32, 33] , we work in a small-coupling approximation, i.e. we assume the EDGB modifications to GR are small and controlled by a dimensionless coupling constant. Such an approximation is consistent with the fact that EDGB is an effective theory, derived from a leading order truncation in the couplings of a more fundamental theory. Thus, its action and associated field equations are only valid to leading order in the coupling.
We then use this solution to study properties of the spacetime. First, we establish that the new solution truly represents a black hole, i.e. that it contains a singularity that is hidden inside an event horizon, and we compute the shift in the location of the event horizon and the ergosphere. Such a study was not possible with the linear-in-spin solution of [33] , since it requires quadraticin-spin corrections to the metric. Second, we show that no closed timelike curves exist and that the signature of the metric does not flip outside of the event horizon. This helps justify the perturbative construction of the solution, as small GR deformations should not lead to large modifications in the causal structure of spacetime. Third, we find that the quadratic-order-in-spin corrections force the new solution to be of Petrov type I. This is in contrast to black hole solutions in GR and the nonspinning and linear-in-spin black hole solutions in [32] and [33] , all of which are of Petrov type D. Knowledge of the Petrov type may aid in the construction of analytic black hole solutions that are rapidly spinning. Finally, we study the behavior of test particles in orbit around the new EDGB black hole, by obtaining corrections to the orbital binding energy, the angular momentum, the orbital frequency, and the ISCO frequency, and we compute the deformation to the quadrupole moment of the spacetime. All of this could aid in constraining EDGB observationally in the future with electromagnetic [37] or gravitational wave observations [22] . The remainder of this paper presents the details pertaining to these results. Section II gives a brief summary of EDGB gravity. Section III first describes the approximation scheme used to find BH solutions and then describes the solutions found in [32] and [33] and the new solution found in this paper. Section IV studies the basic properties of the new solution, such as the location of the event horizon and ergosphere. Section V discusses the properties associated with particles in orbit around the BH, such as the ISCO and curves of zero velocity. Section VI concludes by summarizing the results, discussing the observational implications, and proposing possible future research.
Throughout we use the following conventions: the metric signature (−, +, +, +); latin letters in index lists stand for spacetime indices; parentheses and brackets in index lists for symmetrization and antisymmetrization, respectively, i.e. A (ab) = (A ab − A ba )/2 and A [ab] = (A ab − A ba )/2; geometric units with G = c = 1.
II. EDGB GRAVITY
This theory is defined by the action
Here, g stands for the determinant of the metric g ab . R, R ab , and R abcd are the Ricci scalar, Ricci tensor, and the Riemann tensor. Lmat is the external matter Lagrangian. ϑ is a field and V (ϑ) is an additional potential. (α, β) are coupling constants, and κ = 1/(16π). For convenience, we define a dimensionless parameter
where M is the typical mass of the system. We assume ϑ is small, otherwise e ϑ becomes large which effectively rescales the coupling constant α to large values and the theory will no longer be effective. Moreover, a large value of e ϑ would lead to a large modification to GR, which has been ruled out by weak-field tests. Assuming small ϑ, we Taylor expand e ϑ = 1+ϑ+O(ϑ 2 ) and note the ϑ-independent terms are irrelevant, ie. they lead to a theory identical to GR because the Gauss-Bonnet invariant is a topological invariant. The field equations are then
where
is the scalar field stress-energy tensor and
Notice that the field equations remain of second-order. Variation of the action with respect to ϑ yields the scalar field equation
Before proceeding, we must make a choice for the potential V (ϑ). If we chose a nonzero potential, usually a mass for the scalar field would be generated, rendering the field short ranged. But EDGB has a shift symmetry (ϑ → ϑ+const) and theories with such a symmetry do not allow mass terms, rendering the field long ranged. Henceforth, we choose V (ϑ) = 0.
III. ROTATING BLACK HOLE SOLUTIONS
We use two approximation schemes as set out in [36] to obtain a slowly rotating BH solution in EDGB gravity at quadratic order in spin. To find the second-order-inspin solution we use the non-spinning and linear in spin solutions found by [32] and [33] , respectively.
A. Approximation schemes
Following [38] , we consider stationary and axisymmetric BH solutions in EDGB gravity with small coupling (ζ 1) and slow rotation (χ 1). Throughout m is the mass of the BH, a ≡ S/m where S is the magnitude of the spin angular momentum of the BH, so that χ ≡ a/m is dimensionless. The small-coupling approximation treats EDGB modifications as small perturbations to the GR solution.
In the small-coupling approximation, we can expand the full metric as
where α is a bookkeeping parameter that labels the order of the small-coupling approximation, with g (n)
ab ∝ α n . In the above equation, g
ab is the full Kerr metric, while g (2) ab is a deformation of the GR metric to leading order in α . Notice, therefore, that in the GR limit (α → 0 or ζ → 0), the full metric reduces exactly to the Kerr metric. We will here work in Boyer-Lindquist-like coordinates (t, r, θ, φ), so that we can work with the Kerr metric in the form
with ∆ ≡ r 2 − 2mr + a 2 and Σ ≡ r 2 + a 2 cos 2 θ. In the slow-rotation approximation, one can reexpand the ζ-expanded metric of Eq. (7). The Kerr metric, for example, can be expanded in the familiar form
where χ is another bookkeeping parameter that labels the order of the slow-rotation approximation. The quantity g (0,0) ab is here the Schwarzschild metric, while g (1,0) ab and g (2,0) ab are χ perturbations. In this paper, we will expand the GR deformation g (2) ab in the slow-rotation approximation as follows:
where note that g
Such an expansion is justified from the previous work in [32, 33] . Even though we find the GR deformation g (2) ab in a slow-rotation expansion, the Kerr metric part of the full metric can be kept in full χ -unexpanded form when working on astrophysical applications.
We will also expand the scalar field as follows
. (11) Note that the leading-order term is proportional to α, as must be the case from Eq. (6 
and the only nonvanishing terms in g
where f = 1 − 
C. BH solutions at O(α 2 χ 2 )
Scalar field
The right-hand side of Eq. (6) is proportional to α and thus, the Gauss-Bonnet invariant need only be expanded to O(α 0 ). Thus, we can substitute the Kerr solution and expand in powers of χ , noting the first two terms, R 2 and R ab R ab , vanish and we are left with the Kretchmann scalar:
The Gauss-Bonnet invariant is a parity even quantity, and as such, it can only depend on even powers of χ . Thus, ϑ (n,1) = 0 for all odd n.
Expanding ϑ to O(α χ 2 ) and solving Eq. (6) we find
Our result matches that found in [33] .
Metric tensor
We can rewrite the expansion of the metric in Eq. (10) as g ab = g (0,0) ab + h ab where h ab is a metric perturbation away from the Schwarzschild solution. Let us further expand h ab as
The Einstein tensor can then be expanded as
where the superscript in square brackets counts the power of h ab that appears in each expression. The Schwarzschild metric satisfies the vacuum Einstein equations, and so the first term G
[0]
ab vanishes. We can split the O(α 2 χ 2 ) part of the Einstein tensor into two terms
where the first term depends on the unknown g (2,2) ab and the second term depends on the known g
2 ) the field equations can then be rewritten as
where the source term is simply
In this form, the field equations resemble the equations of BH perturbation theory [34, 35] . We can interpret (2, 2) ab . As outlined in [34, 35] , we decompose the metric perturbation g (2,2) ab and the source term S (2,2) ab in tensor spherical harmonics. We need only consider the evenparity sector of the metric perturbation, as terms of O(α 2 χ 2 ) are obviously parity even. The even-parity sector only contains seven independent metric components. We only consider stationary and axisymmetric solutions, which further reduces the independent components to five as well as allowing us to focus only on the m = 0 mode in the decomposition. We are left with two gauge degrees of freedom, which we fix by using the Zerilli gauge [39] . These conditions leave three independent degrees of freedom, which are used to parametrize the metric perturbation as
and the source term
where f (r) = 1 − 2m/r is the Schwarzschild factor and [a
0 (r), and F 0 (r) can be obtained by decomposing the source S (2,2) ab in tensor spherical harmonics, and they are presented explicitly in Appendix A, being non-vanishing only for = 0 and = 2.
The metric, radial functions [H 0 0 , H 2 0 , K 0 ] are to be determined by solving the expanded modified field equations [Eq. (21) ]. The decomposition turns these equations into a system of coupled ordinary differential equations [34, 35] :
In Eqs. (25), (26), and (28), can take the values 0 or 2, but in Eqs. (27) and (29) can only equal 2.
There is one remaining gauge freedom in the = 0 mode, which we will use to further simplify Eqs. (25)- (29) . After imposing stationarity and axisymmetry, there are three independent variables associated with the = 0 mode. One of these leads to a redefinition of the spherical areal radius. We set K 00 = 0 to eliminate this variable.
To solve the system of differential equations in Eqs. (25)- (29) we start by solving Eq. (25) 
where all other metric components are zero. We have checked explicitly that this solution satisfies the field equations (Eq. (3)) to O(α 2 χ 2 ) using symbolic manipulation software.
Accuracy of the approximate solution
The approximate solution we derived in the previous subsections is valid only when ζ 1, where recall that ζ is proportional to the coupling constants of EDGB theory. For this reason, it should be clear that as ζ → 0, then EDGB theory reduces to GR, and the approximate black hole solution derived in the paper reduces identically to the Kerr metric. To be precise, when ζ → 0, then the O(χ 0 ) GR deformations in Eqs. (13) and (14) The approximate solution here derived is also clearly only valid when χ 1, but how large a value of χ can the solution tolerate without incurring an error larger than some tolerance τ ? The only precise way to find this maximum value would be to compare the O(χ 2 )-accurate metric to a numerical, exact solution, like those of [24] [25] [26] [27] . Lacking those numerical solutions, all we can do is estimate the error from the next terms expected in the χ 1 series. From the structure of the solution, we have here neglected terms of O(χ 3 ) in the (t, φ) component of the metric and O(χ 4 ) in the diagonal components of the metric. More precisely, the terms neglected in the approximate solution should be of the form χ 3 f (r)S(θ) and χ 4 g(r)T (θ). From the study of black holes in dynamical Chern-Simons gravity [36] , we expect f (r)T (θ) and g(r)S(θ) to be of order unity on the horizon and at the equator, where they will acquire their largest numerical values. Given this, requiring that the neglected terms be smaller than some threshold τ , one expects the approximate solution to be valid up to roughly χ τ 1/3 , and χ τ
for the (t, φ) and diagonal components of the metric, respectively. For concreteness, if one picks τ = 10%, then a/M 0.46 and a/M 0.56 respectively.
We can carry out such an accuracy analysis explicitly in the case of the scalar field. This is because one can systematically solve Eq. (6) order by order in χ, to find higher-order-in-χ corrections, which we present in Appendix B. The error in ϑ due to not including terms of O(χ 4 ) and higher is then largest at the event horizon, where it reduces to 
where we expanded in the small tolerance parameter τ 1. If we set τ = 10%, we then find χ 0.67, which is consistent with the estimate presented above.
IV. PROPERTIES OF THE SOLUTION A. Singularity, horizon, and ergosphere
The spacetime solution we have found has a true singularity at r = 0. We determined this by calculating the Kretchmann invariant R abcd R abcd : 
Note that this quantity clearly diverges only at r = 0 in these coordinates. This metric also possesses an event horizon, i.e. a null surface generated by null geodesic generators. Since the normal to the surface n µ must itself be null, event horizons must satisfy the horizon equation [40] 
where F (x α ) is a level surface function such that n µ = ∂ µ F . Using that the spacetime is stationary, axisymmetric, and reflection symmetric about the poles and the equator, the level surfaces can only depend on radius. Without loss of generality, we then let F (x α ) = r − r H , where F = 0 defines the horizon location. This then forces Eq. (38) into g rr = 0, which is nothing but g tt g φφ − g 2 tφ = 0 [41] . Solving this equation, we find Note that our choice of homogeneous integration constants in computing the metric depends on how we choose to define the mass m and the reduced spin angular momentum a. We choose to define these quantities as measured by an observer at infinity, which leads to the metric presented in Sec. III C 2. The angular velocity and area of the event horizon become modified with these definitions
where Ω H,K = a/ r 2 H,K + a 2 and A H,K = 4π(r 2 H,K + a 2 ) are the horizon's angular velocity and area for the Kerr metric.
B. Lorentz signature
If the Lorentzian signature of the metric is not preserved outside the horizon, our perturbative construction is not well justified. We show here that the signature is preserved for a small coupling constant. We denote the determinant of the new metric as g and the determinant of the Kerr metric as gK ≡ −r 2 sin 2 θ r 2 + a 2 cos 2 θ + O(χ 3 ). The determinant of the metric is then given by 
The correction terms fall off rapidly as r → ∞, so it is important to look at the signature of g/g K at the horizon rH:
Notice that the term in square brackets is always positive, so the ζ correction is always negative, which could be a problem for a sufficiently large value of the coupling constant. The correction is at a maximum when χ = 0, which means the signature flip does not take place as long as ζ 0.33. The strongest current constraints on EDGB come from low-mass x-ray binary observations, |α| < 1.9 × 10 5 cm [42] . Setting β = 1 and using a very low-mass BH with m = 5M , this constraint implies ζ 0.2. We then see that current constraints already exclude the region of parameter space in which a Lorentz signature flip could occur. Of course, if the BH mass is small enough, then ζ will become larger, as it scales with m −4 , but then the small-coupling approximation would break down.
C. Closed timelike curves
Closed timelike curves, if they exist, can be found by solving for the region where g φφ < 0. The explicit form of g φφ was already presented in Eq. (33), where we see that the corrections fall off rapidly as r −3 relative to the Kerr value of this metric component. Thus, the corrections are largest at the horizon rH, where
The sign of the correction terms depend on the spin, but for small spin the χ 0 term dominates and the correction is always negative. In this case, we see that ζ > 0.8 for g φφ to vanish. As already argued, such values of ζ are excluded by current constraint for realistic BH masses, and thus, closed timelike curves do not occur.
D. Multipolar structure
Following Thorne [43] , the multipole moment can be read off by transforming the metric to asymptotically Cartesian and mass-centered (ACMC) coordinates. In these coordinates the multipole moments are defined in a spacetime region asymptotically far from the source. To find the quadrupole moment, the coordinate transformation to ACMC must be done such that g tt and g ij at O(r −2 ) do not contain any angular dependence. In these coordinates, g tt for a stationary and axisymmetric spacetime can be written as
is the ( , m) = (2, 0) spherical harmonic and Q 20 is the (m = 0) quadrupole moment.
The correction in the new metric is at O(α 2 χ 2 ), so it is not affected by the coordinate transformation. The quadrupole moment in the new solution is then
where Q 20,K is the Kerr quadrupole moment.
E. Petrov type
Generic spacetimes can be classified into Petrov types by finding the number of distinct principal null directions (PNDs) k a of the Weyl tensor C abcd [44, 45] , where k a must satisfy
This is the same as finding the number of distinct PNDs l a that make one of the Weyl scalars Ψ 0 = 0, which simplifies to finding the number of distinct roots for b in [44] 
The Ψ's are five complex Weyl scalars in an arbitrary tetrad with the restriction that Ψ 4 = 0. The spacetime is said to be algebraically special if Eq. (49) has at least one degenerate root, and the following relation holds:
The quadratic and cubic Weyl quantities I and J are defined by [44] I ≡ 1 2C
The spacetime is of Petrov type I if Eq. (50) 
where K, L, and N are
One can find a null tetrad for the no-rotating BH solution in EDGB such that Ψ 2 is the only nonvanishing Newman-Penrose scalar. Equations (50), (54), and (55) are then trivially satisfied. Thus, the nonspinning solution found in [32] is of Petrov Type D.
For the slowly rotating BH solution in EDGB gravity to linear order in spin [33] , we first find a principal null tetrad that is a deformation away from the Kerr principal null tetrad. We then find that Eqs. (51), (54) , and (55) are all satisfied to O(α 4 χ 2 ). Thus, we find the slowly rotating solution to O(α 2 χ ) is also of Petrov Type D.
1
For the new BH solution at O(α 2 χ 2 ) the story is different. We first find a principal null tetrad by adding O(α 2 χ 2 ) deformations to the null tetrad found in the O(α 2 χ ) case. We then find that Eq. (51) is not satisfied to O(α 4 χ 4 ). Thus, the new metric found in this paper is of Petrov Type I, and breaks symmetries that the O(α 2 χ ) metric had. This suggests that the exact BH solution should be of Petrov type I.
V. PROPERTIES OF TEST-PARTICLE ORBITS

A. Conserved quantities
The metric found here is stationary and axisymmetric, and thus, it possess a timelike and an azimuthal Killing vector, which imply the existence of two conserved quantities: the energy and the (z component of the) angular momentum. The definitions of E and L z lead tȯ
where the overhead dot represents a derivative with respect to the affine parameter. Substituting the above equations into u a u a = −1, where u a is the particle's fourvelocity, we find
where the effective potential is
For simplicity, we restrict our attention to equatorial, circular orbits. E and L z can then be obtained from V eff = 0 and ∂V eff /∂r = 0 in the form
E K and L z,K are the energy and z component of the orbital angular momentum for the Kerr spacetime given by [46] 
where φ is defined to be positive in the direction of prograde orbits. This implies negative a corresponds to retrograde orbits. The corrections from EDGB are [46] . The expressions above for E, L z , and ω are not gauge invariant. We can obtain gauge invariant relations between E and ω by expanding Eqs. (69) and (71) to 2PN order and eliminating m/r. The result is
and its inverse
This agrees with the standard PN E-ω relation to O(α 0 χ 0 ) [47] .
C. ISCO
Let us now derive the location of the ISCO in this new spacetime. We do so by substituting Eqs. 
where the Kerr ISCO radius is given by [46] 
(75) with
The EDGB correction at O(χ 0 ) agrees with that found in [32] . Note that the radial location of the ISCO is not gauge invariant. For a gauge invariant quantity, we compute the angular orbital frequency at ISCO, ω ISCO :
.
D. Curves of zero velocity
Last, we will consider curves of zero velocity (CZVs) [48, 49] in the r-θ plane. These curves are where V eff = 0 and since the left-hand side of Eq. (62) is always positive, bound orbits are allowed only if V eff ≥ 0. Figure 1 shows the CZVs for the Kerr and the new solution. Red shaded regions are where V eff ≥ 0 and the thick black lines correspond to the location of the event horizon for the particular case considered in the figures. To draw these figures, we expand the metric g ab in the spin parameter a and then calculate V eff .
For both the GR and EDGB case there is one allowed bound-orbit region clearly visible in the region outside of the event horizon. For the region inside the horizon, there is one allowed orbit region in GR, but there are five in the EDGB case. While the regions outside the horizon look similar in GR and EDGB, there are differences not easily visible due to the scale of the figures.The orbits in this outer region are, in principle, distinguishable with gravitational wave observations, as shown in [50] and [51] . The inner regions are drastically different, which is expected as the field is strongest within the horizon and the EDGB corrections modify the strong field regime. However, since these inner regions are within the horizon they cannot be probed with any observations.
VI. CONCLUSION
We found a stationary, axisymmetric BH solution in EDGB gravity in the small-coupling and slow-rotation approximations at linear order in the coupling constant and quadratic order in the spin. The technique used, based on BH perturbation theory, involved decomposing the metric perturbation and source terms in tensor spherical harmonics, which reduced the field equations to a set of coupled, ordinary differential equations. We found new corrections to the metric at quadratic order in spin. We then studied a plethora of properties of this metric, proving that (i) it possesses a curvature singularity inside an event horizon, (ii) the location of the event horizon, ergosphere, horizon area and horizon's angular velocity are all modified relative to the Kerr analogue and (iii) that test-particle orbits in this spacetime are different than those in Kerr due to corrections in the orbital binding energy, angular momentum and effective potential.
As the method used is not specialized to quadratic order in spin and linear order in the coupling constant, an obvious extension of this work is to find solutions to higher order in spin and/or higher order in the coupling constant. In the case of EDGB, however, as it is a linearorder truncation in the coupling constant of a more fundamental theory, any solution is only valid to linear order in the coupling constant.
An interesting and nontrivial property of the new solution is that it is of Petrov type I. This is especially interesting because to zeroth and linear order in spin the The new metric solution as well as its properties are important in determining the properties of electromagnetic radiation from accretion disks around a BH. Observations of the electromagnetic radiation near observable BHs, such as Sgr A*, can be a powerful way to test GR [37] . An avenue of study would be to determine how observables, such as BH shadows [52] and strong lensing [53] , are modified if the BH is described by the new solution found in this paper. Of course, the metric derived here would be appropriate for such tests if and only if the black hole observed has a sufficiently small spin, roughly S 2 /M 4 0.5. For other, more rapidly rotating black holes, either numerical solutions would have to be used or a higher-order-in-spin approximate solution would have to be derived.
the GRTensor II package [54] . In this paper, we used the following tensor spherical harmonics to decompose the metric perturbation and the source term [34, 35] 
The coefficients of the source after a tensor spherical harmonics decomposition are
